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THE HEAT EQUATION FOR RIEMANNIAN FOLIATIONS
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PHILIPPE TONDEUR

In memory of Bruce L. Reinhart

ABSTRACT. Let # be a Riemannian foliation on a closed oriented manifold
M , with the transversal Laplacian Ay acting on the basic forms Q;,(.? ) of
degree r > 0. We construct the fundamental solution e;, (x,y,t) for the basic
heat operator 9/0t+ A, and prove existence and uniqueness for the solution
of the heat equation on Qg(y ). As an application we give a new proof for the

deRham-Hodge decomposition theorem for Ag in QZ(? ) , generalizing the
approach to the classical deRham-Hodge theorem pioneered by Milgram and
Rosenbloom.

1. INTRODUCTION

Let & be a foliation on a closed oriented manifold M given by an exact
sequence of vector bundles

0-L-TMZQ-0,

where L is the tangent bundle and Q the normal bundle of .¥ . The basic
subcomplex Qp = Qy(¥) of the deRham complex ,, is given by the forms
w satisfying i(X)w =0 and 6(X)w =0 for all tangent vector fields X e I'L.
The exterior differential d on Q,, restricts by the Cartan formula 6(X) =
di(X) +i(X)d to a differential d,: Q, — Q"' . The basic cohomology H, =
Hy(¥) = H(Qg, dy) plays the role of the deRham cohomology of the leaf
space M/S of the foliation.

Let # be a Riemannian foliation on M . A holonomy invariant transversal
metric gy then gives rise to a basic Laplacian Ay = dpdg + dpdy: Q;, —
Q; forall r =0,...,q up to the codimension g of the foliation. For the
purposes of this paper we will use throughout a bundle-like metric g,, with
basic mean curvature form k, i€, Kk € QL (see §2). The formal adjoint
35: Q — Q' and therefore the Laplacian A 5 Qp — Qj explicitly involve
the mean curvature form. The harmonic basic forms Z’;’ of degree r are
defined as the kernel of A, on Qj.
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For a given form o, € Q; , consider the initial value problem

(1.1) %a(x, )= ~Bpa(x, ), lima(x, 1) = ag(x).

The main results of this paper can then be stated as follows.

Theorem. Let F be a transversally oriented Riemannian foliation on a closed
oriented manifold (M , g,,). Assume g,, to be a bundle-like metric with x €
Qg. Then the following hold.

(1) There exists a unique solution o of (1.1), given in terms of the funda-
mental solution e;(x , ¥, t) of the basic heat operator 3/dt+ Ay by

ate, )= [ €h0x, .0 Arag).
M
(ii) Denote a(x, t) = [Py(t)ayl(x). Then there exists a uniform limit
. r
g{g Pg(t)ay = Hgay € Qp,

and Hgoy is Ag-harmonic.
(iii) The form

o0
Gpag = /0 (Py(t)ay — Hyay) dt
is well defined, and gives an operator Gy: Qp — Q} satisfying

Q) = AgGpa, + Hpay,.

The finite-dimensionality of Zj,’ = kerA, is a consequence of the proof-
method. The identity in (iii) implies in usual fashion the orthogonal decompo-
sition

Q; =imd, ®imd, @Z’};
and the isomorphism Hj, = %, .

There are two published proofs [EH, KT2] of the deRham-Hodge decompo-
sition theorem in Q; . The proof in [EH] does not involve the mean curvature
assumption stated above. But the fundamental estimates necessary in certain
applications, as, e.g., in [KRT], seem inaccessible through that method. On the
other hand, the proofs in [KT2] and in this paper, using an explicit elliptic ex-
tension of Ay to the full deRham complex, do provide the necessary control to
prove the desired estimates.

For the case of a point foliation, the heat equation approach described above
is Milgram and Rosenbloom’s approach to the classical deRham-Hodge decom-
position theorem [MR]. A stochastic interpretation of this can be seen in Yosida
[Y]. The new technical aspect in the present context is that the basic forms do
not constitute all sections of a vector bundle, and the usual elliptic theory does
not apply directly. The technical device to handle this situation is to extend
Ap: Qp(F) — Qp(F) to a genuine elliptic operator A: Q, — Q, on the
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full deRham complex, and to exploit the standard elliptic theory for A. An
explicit construction of such an extension was given in [KT2]. This is where the
assumption of the basic mean curvature is involved (see §2). The authors do
not know if the construction of the fundamental solution of the heat equation
holds in a more general context. But what is known is that the mean curvature
hypothesis holds for the following interesting classes of foliations: Riemannian
submersions for appropriate metrics, E. Cartan’s isoparametric families of sur-
faces, and foliations by the orbits of isometric Lie group actions. A typical
example of the latter kind is the flow defined by a nonsingular Killing field.
The mean curvature form is invariant under the flow, hence constant along the
orbits.

In the construction of the fundamental solution e;(x, y,t) of the basic
heat operator 9/0t + A, the necessary convergence properties arise from the
existence of the strongly elliptic extension A (see §4). However, since A need
not be selfadjoint, this does not directly follow from corresponding properties
of the fundamental solution of the heat operator 8/9¢ + A. For the case of
basic functions (forms of degree 0) treated in [EK] these difficulties do not
arise, since the ordinary Laplacian already preserves basic functions. In this
case no assumption on the mean curvature is needed.

Comparing the heat flows ¢~# and e~**, an important consequence of

these constructions is the Invariance Theorem 4.11, stating that e acting on
the full deRham complex Q,, leaves the subcomplex €2, invariant, and coin-
cides on Q, with e~ " _ This constitutes a parabolic version of Hadamard’s
descent method for hyperbolic equations [H].

We expect that this heat equation approach will prove to be useful for the
discussion of the transversal index problem for foliations. Another application
is given in [RT], where an almost Lie foliation structure is deformed to a Lie
foliation structure by the heat flow method.

We wish to contrast this discussion of the heat equation in transversal ge-
ometry with the heat flow along the leaves of ¥ . The latter is defined by the
leafwise Laplacian A. A deRham-Hodge decomposition for this leafwise ellip-
tic operator has been established in [AT] for an appropriately defined Sobolev
space of forms on M .

Acknowledgments. The authors are indebted to 1. D. Berg, R. Carroll, F. Kam-
ber, P. Newton, T. Ting, and the referee for helpful comments.

2. CALCULUS IN Q,

The ingredients for the calculus in €, are as follows [KT1, KT2]. Let
NS Q‘l’, be the transversal (closed) volume form associated to the transver-
sal holonomy invariant Riemannian metric 8o - The characteristic form x5
of & isthe p-form (p =dimension of leaves) given by x, = *v, expressed
in terms of the star operator associated to g,,. The Riemannian volume form
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p € Q) is then given by u = v A x5 . These forms define the compatible
orientations used throughout this paper.

The Weingarten map W(Z): L — L for Z € I'L* is given by W(Z)X =
—nl(Vf Z) for X € I'L, where v denotes the Riemannian connection
of g, ,and 7" the tangential projection to L with kernel L*. The mean

curvature 1-form x is then defined by x(Z) = TrW(Z) for Z € I'L* and
k(X) =0 for X € 'L (the factor 1/p has been suppressed throughout). x
and k are related by Rummler’s formula

(2.1) dxs +kAxsy =0 mod & -trivial forms,

i..e, modulo forms evaluating to zero on p-vectors in A’ L.
To give an alternative formulation of (2.1), consider the filtration [KT1, (2.1)]

F'Q" ={weQ"i(X)) i(X,_,,)o=0}

for X,,...,X,,_,,, € TL. This decreasing filtration breaks off above the

codimension g of & . The & -trivial (p + r)-forms are precisely F'*'Q"*".
Thus (2.1) is equivalent to

(2.2) dyy +KAXy =9, € FPQ,

We assume throughout that x € 9119 . This implies dx = 0 [KT2, Appendix].
The star operator *: Qp — Q™" associated to g, is related to the star

operator x: Q) — Q) associated to g,, by the formulas

(2.3) fa= (-1 x(angy),
(2.4) *a = A Xg

for a € Q). The global scalar product ( , ) on £}, restricts on Qj to the
expression

(o, a')B =/Ma/\>T<a//\xy.

With respect to this scalar product, the formal adjoint dj: Q; — Q;l of
dy = d|Qy is given on a € Qp by [KTI, (4.14)]

(2.5) pa = (=1 5(d, — kn)ia.

This is where the hypothesis of a basic mean curvature « is involved. The basic
Laplacian is then Ay = dpd, + dgdy .

2
3. Ay AND COMPLETE ORTHOGONAL SYSTEM FOR L (Qp)

The idea in [KT2] is to study A, by constructing a strongly elliptic extension
A: Q) - Q). Let 6: Q) — Q' be the formal adjoint of d, which is given
by

)n(r+l)+1

dw= (-1 *d * .
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The relation between da and dza for a € Q;, is then given by [KT2, Propo-
sition 3.3]

(3.1) da=dza+*y(a),
where D)
(p+1)(r+ +qr
Y(a) =(-1) A @,
Let 7: Q) — Q""" be the bounded linear operator given by [KT2, (3.11)]
(3.2) P(@) = (DT s (@A ) A gy,

and f7j: Q;” — erw the differential operator of order one or less given by [KT2,

(3.7)]
(3.3) filw) = *P(dw) + d * §(w).
Using the ordinary Laplacian A=A, : Q) — Q) , now let
(3.4) A=A-7:Q), - Q).
Then A satisfies by [KT2, (3.6)]
(3.5) AQ, = A,
The main feature of the extension A of A p 1s that it differs from the ordinary
Laplacian A by lower order terms (the correction term #(w) is of order one or

less). In particulqr the symbol is unchanged and A is strongly elliptic. We use
the existence of A in the proof of the following result.

3.6. Proposition. There exists a complete orthonormal system (COS) for
L’ (Q%), consisting of smooth eigenforms of Ag in Q.
Proof. First we note the obvious identities
2 2
(ABO‘, B) =(a, ABB) ’ (A3a9 a) = "dBO‘"L2 + HJBO‘HLZ
for a, e Q; , which imply that A, defines a symmetric, positive operator
Ag: D(Ap) = Q, c LX(Q,) — LP(Qy).
We consider the symmetric operator A, = A, + 1,
A;:D(A) = Q, c LY (Qy) — LY(Q,),
which is semibounded from below with lower bound 1, i.e.,
(Aa, @) > flal3: foraeQy.
Let Af denote the Friedrichs extension of A, [CO, p.11]
F F 2 2
A :D(A;)) C L7 (Qg) = LY(Qy),

which by definition is the adjoint A} of A, restricted to the domain D(AF)
D(A} )NH, . Here H, denotes the Hllbert space completion of Q, with respect
to the scalar product

(a, B), =(Aa, B) fora, peQ,.
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Note that since
lall} = (Aya, @) = dyallz: + 185alz: + el
the new norm || ||, is equivalent to the Sobolev H,-norm on Q,; hence
H, = H (Q).
It follows from its construction that the Friedrichs extension Af is still sym-
metric and surjective, and hence selfadjoint. Furthermore, since AF has the

same lower bound 1 as A, A1 is also injective. Hence we have the selfadjomt

inverse

Gl =)' RAD) = L2(Q,) - DA c LA(Q,),

which is a bounded map into D(AIF ). Since by Rellich’s lemma the inclusion
H, = H (Qp) — L2(Q p) 18 compact, the composition
F, 2 2
G, : L"(Qpg) — L (L)
is a compact selfadjoint operator. Thus GIF has eigenvalues |u,| > |u,| > - |
0 with corresponding eigenforms {y,} constituting a COS for L? (Qp) [GL,
p. 43].

We prove now that the y, are smooth eigenforms of Ay . First note that
G1 ¥, = u;y,; implies that y; € D( ) CH (QB) and Aft//, = /l,_l'//, Now
consider the elliptic operator A =A + I, and let A denote its formal adjoint.
Then we observe by the deﬁmtlon of distribution derlvatlves and (3.5) that for
any a € Qp

(Al‘//i’ a) = (l//i, A:a) = ('//,‘a Ala) = (Afl//,a a) = <#i_lvli’ a);

that is, ((A, — 4 'I)y,, @) = 0 for any a € Q. Note that (A, — u ' I)y, €
H_,(Qp), the completion of Q, with respect to the Sobolev H_,-norm | ||_,
on Q defined by

lell_y = sup{[{a, B)IIIBI, < 1, B €Qg}.

Since the pairing ( , ): H_,(Qg) x H;(Qg) — R is continuous and nondegen-
erate, it then follows that y; satisfies the elliptic equation

(A - ' )y; =0.

This implies the regularity of w, [GL, p. 23]; that is, y; € Q,, and hence
v, € H (Q5)NQ,, . Since by [KT2, Corollary 4.14] we have H,(Q;)NQ,, = Q,
this implies y, € Q,. Now Ay, = u7 'y, implies by (3.5) that Ay, = Ay,
with 4, =p~' ~1. O

Note that since A, is a positive operator, we have 4, > 0. From || >
lty) > --- 1 0 it follows that 0 < A, <4, < --- T oo (except of course for the
case of a finite-dimensional Q; , an exception we will not point out repeatedly).

Furthermore, the multiplicities of the eigenvalues A, cannot increase too rapidly
by the following fact.
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3.7. Lemma. Let 0< A <1,<---100 be the eigenvalues of Ay in Q. Then

there exists a constant C > 0 and an exponent & > 0 such that A ;2C- j‘s,
provided j > j, is large.

This is proved by the same argument as in [GL, p. 44].

4. HEAT EQUATION

For a given initial r-form q, € Q;, , we consider the initial value problem
for the heat equation on Qj:

3} .
(4.1) Ea(x 1) = -Aga(x, 1), ltll%la(x, t) = ay(x).

We are going to prove that (4.1) has a unique solution a(x, t) € QL, t>0,
which is given in terms of the fundamental solution e;(x, y, t) of the basic
heat operator L, = 0/9t+ Ay, to be constructed below, by

(4.2) alx, 1) = /Me;(x, V. 1) A sag(p).
For (x,y,t)e M x M x (0, co) we define

(4.3) 2, Y, 1) Ze YyewmeNTiMe N\ TIM,

where {y,};2, is a COS for L (Q;) consisting of smooth eigenforms y, of
Ap corresponding to the eigenvalues A; (Proposition 3.6).

4.4. Proposition. e (x, v, t) is a well-defined smooth double form of bidegree
(r,r) on M x M, depending smoothly on the parameter t > 0.

Proof. Let k and s be positive integers such that 2s > k + n/2. Then, by the
a priori coercive estimate for A combined with the Sobolev embedding lemma,
we get the fundamental estimate

"'//i”C" < C(”AS'//I'”LZ + ”'/’,’”LZ) < C(l +’1j)'
Note also that for ¢ > 0 and A > 0 we have the estimate
e—tils < I_SC(S)e_M/Z.

By applying these two inequalities to the RHS in (4.3), we get the following
estimate:

o2

e

(4.5) lep(x, v, )« < k)
1

-
Il

But by Lemma 3.7, for large j > j,, we have also the estimate l >C- ]
for some C >0 and J > 0. This implies that the series on the RHS of (4.5)

can be bounded by (some constant multiple of) the series 3 . =1 € ' , which
converges absolutely for each ¢ > 0. Since k is arbitrary, this shows that
ep(x,y, 1) is a well-defined smooth (r, r)-formon M x M x (0, ). O
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Note that the integrand in (4.2) is a double form of bidegree (r, n), which
integrates for fixed x and ¢ to an element in A" T M. It is now verified
without difficulty that a(x, ¢t) in (4.2) gives rise to a solution of the initial
value problem (4.1).

For a € Q; and ¢ > 0 we now define

(4.6)  [Py(nal(x) = /M ehx, v, ) Axa(y) =3 e (o, ) y¥i(x).
i=1

Note that P,(1): Qp — Q) for all 1 > 0. Moreover Py(1) is a symmetric
operator for all ¢t > 0:

(4.7) (Py(t)ex, B)y = (o, Pp(t)B), fora, BeQ.
In fact, let f(s, t) = (Pg(t)a, Pg(s)B) . Then
Si0.9) = (P, ByIB) = (=ByPy(0)a, Py(s)B),

= (a0, ~8,Py©B)y = (Palt)a. -Po()B) = 5-F0.9)
B
It follows that f(z, s) is a function of ¢+ s. For s =0 this yields the desired
result in the form f(¢, 0) = f(0, ¢).
For a given o, € Q;w , we can also consider the initial value problem for the
heat equation on Q,:

9] ~ .
(4.8) Ew(x , ) =—-Aw(x,t), l'llrgl w(x, t) = wy(x).

It is well known, see, e.g., [GR], that the fundamental solution e, (x, y, t) for
the heat operator §/8¢+A exists, and that the unique solution of (4.8) is given
by

(4.9) w(x,t)= /M ey (x, ¥y, 1) Axawy(y).

For we Q}, and >0 let
(4.10) POOIE) = [ elx.v. ) Asal)
This defines P(1): Q), — Q},. The following result may be considered a
parabolic analog of Hadamard’s descent method for hyperbolic equations [H].
4.11. Invariance Theorem. (i) If a € Q}, then P(t)a € Q} forall t > 0.

(ii) P(1)|Qp = Py(t) forall t>0.

Proof. For agiven a € Qp, we have a solution Py(t)a of (4.1), and a solution
P(t)a of (4.8). Since Py(f)a € Q5 and AIQB = A, it follows that Py(f)a is
also a solution of (4.8). By the uniqueness of the solution to (4.8), it follows
that P(f)a = Py(t)a. This proves (i) and (ii). O
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4.12. Corollary. The solution to the initial value problem (4.1) is unique. In
particular, Pg(t) has the semigroup property

Py(t,) o Pg(t,) = Pg(t, +t,) fort ,t,>0.
It is now easy to prove the following supplementary fact:
(4.13) a€ Q;, , dga=0=dy(Py(t)a) =0 forall t > 0.

Proof. By assumption dyPg(0)a = dga = 0. We show that dyPy(t)a is a
solution of the heat equation (4.1). Namely

d d
T dpPy(t)a = d (EPB(t)a> = dy(~AyPy(1)a) = —A,d, Py(t)a.

By the uniqueness of the solution of the initial value problem (4.1), it follows
that dyPp(t)a =0 forall t>0. O

5. LONG TIME BEHAVIOR OF SOLUTIONS
We now examine Py(f)a for a € Qp in its dependence on ¢.

5.1. Lemma. Let a € Q;. Then ||Pg(t)a|| is a nonincreasing function of t for
t>0.

Proof. We have
d 2 d
27||PB(t)a|| =2 <EPB(I)O" PB(t)a> = =2(AgPy(t)a, Py(t)a)
2
= = 2[ldyPy(Dall’ + |5 P5(Dal'1 < 0. ©
Next we turn to the discussion of the behavior of Py(t)a for ¢ — 0.
5.2. Theorem. Let o € Qj.
(1) Pg(t)a converges uniformly for t 1 co.
(i) Hya =lim,  Py(t)a € Qy is Ag-harmonic.

Proof. (i) By Lemma 5.1, there exists lim ||P(t)o;||2 =a > 0. But by Corol-

lary 4.12 and (4.7)
|1 Pg(t + 2h)a — Py( a||
= || Pp(t + 2h)a|| + ||PB(t)a||2 — 2(Pg(t + 2h)a, Py(t)a)
= (1Pt + 2h)all” + | Py(t)e]l” = 21| Py(t + h)al’,
which approaches O for ¢ T co. Thus {PB(t)a}t20 has the Cauchy property,

hence converges in L? (QB) for t 1 oo.
To prove uniform convergence, we fix 4 > 0. Then we have forall ¢ € (0, co)
and xe M

|PB(t+2h)a—P (t+ h)a|(x) = |P (h)(PB(t+h)a— ( Ya)|(x)
/eB(x V. B) A %(Py(t + h)a — Py(1)a) ()
< sup [le5x. -, M) [1Py(2 + K)o = Py(tall,

tToo
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which goes to 0 for ¢ 1 oo by the preceding observation. It follows that Py(f)a
converges uniformly on M for ¢ 1 oco. We define Hgya as this uniform limit.
(ii) To prove that Hya is A, -harmonic, we observe first that for fixed ¢ > 0

|Pg(t + h)a — Pp(t)Hpa|(x) = |Pg(1)(Pg(h)a — Hpa)|(x)
= :‘GIIB ||e;(x, T t)” : ”PB(h)a - HBa” s

which implies for 4 1 co.

O—hm( Py(t+ h)a — Pg(t)Hga) = Hga — Py(t)Hya.

Hence we have the invariance property
(5.3) Pp(t)Hga = Hyo

It now follows from (5.3) that

—é—HBa=0

AgHgo = AgPy(t)Hpga = — 1

)
a7 Ps(VHza =

and Hza is indeed AB-harmonic. O

Note that since A|QB = A, the Ag-harmonic forms #; form a subspace
of the finite-dimensional space # of A-harmonic forms. Thus Ay is itself
finite-dimensional.

For a € Q) define now

(5.4) Gga(x) = /0 OO(PB(t)a — Hyo)(x) dt

5.5. Lemma. Gua is well defined, and Gya € Q.

Proof. Let k = dim#; . Then in (4.3) we have 4, = --- = 4, = 0 and
Ws..., ¥, €7, . It follows from (4.6) that
k
Ha_hmP Z‘/’naa'/’ in Qj,
since the contribution of the positive eigenvalues 4, <4, , <--- disappears

for ¢t 1 co. Hence we have

Py(t)a — Hya = Z e (v, a)py, inQj.

i=k+1
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For fixed 7 >0, and each x € M, t € (0, co) we then have
|Pg(t + h)a — Hpa|(x) = |Pg(h)(Pg(t)a — Hga)|(x)

- } [ ey ) APyt - Hye )

< (sgp el (x, -, h>||) NPyt - Hyal)|

> —At
Z 4 i('//,'aO‘)B'//i

i=k+1

=

< ce Mt < c||a||e_l"+".

> (W, @)y,

]

It follows that

t+h t+h
/ (Py(t + h)a — Hya)(x)d1t| < / |Py(t + h)a — Hyal(x) dt
0 0

t+h i
<cllo] - / e gy,
0

Since the last term converges as ¢ 1 oo, it follows that the RHS in (5.4) exists as
a limit for ¢ 1 oo of fot , uniformly in x. Since the integrand is a basic r-form
for each ¢, it follows that G,a € Qy. O

Finally we calculate, using the harmonicity of Hya,

ABGBa=AE,/0 (PB(t)a—HBa)dt=/0 Ag(Pg(t)a — Hya) dt

- /0 " (A Py(0)a) di = /0 ” (—%PB(t)a) dt

= ltllr(l)lPB(t)a - Hg} Py(t)a = a— Hya.
The identity
(5.6) a=A,Gga+ Hya

completes now the proof of the theorem stated in the Introduction. O
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